In this paper, a modified BFGS algorithm is proposed to solve unconstrained optimization problems. First, based on a modified secant condition, an update formula is recommended to approximate Hessian matrix. Then thanks to the remarkable nonmonotone line search properties, an appropriate nonmonotone idea is employed. Under some mild conditions, the global convergence properties of the algorithm are established without convexity assumption on the objective function. Preliminary numerical experiments are also reported which indicate the promising behavior of the new algorithm.
Introduction
In this paper, we consider the unconstrained optimization problem
where f : R n → R is a continuously differentiable function. Iterative methods are usually used for solving this problem by generating a sequence {x k } as follows:
for k ≥ 0, where d k is a search direction, α k > 0 is a steplength and x 0 is a given initial point. Choosing an appropriate direction and a suitable step size are two basic steps of these algorithms. Generally, the search direction d k is required to satisfy the descent condition ∇ f (x k ) T d k < 0 and α k is determined such that it guarantees a sufficient reduction in function value. There are many different procedures to choose the search direction d k . For example, Newton, quasi-Newton, conjugate gradient, steepest descent and trust region methods, see [20] . Among these methods, the Newton method has the highest rate of convergence where its direction is computed by solving system G k d k = − k where G k = ∇ 2 f (x k ) and k = ∇ f (x k ). Computation of G k or G where s k = x k+1 − x k , y k = k+1 − k and B k+1 is an approximation of G k which at the first iterate, B 0 is an arbitrary nonsingular positive definite matrix. Nowadays, Among quasi-Newton methods, the most efficient quasi-Newton method is perhaps the BFGS method which was proposed by Broyden, Fletcher, Goldfarb and Shanno independently. The matrix B k+1 in the BFGS method can be updated by the following formula:
It is known that the BFGS method preserves the positive definiteness of the matrices {B k }, if the curvature condition s T k y k > 0 holds. Therefore the BFGS direction is the descent direction of f at x k no matter whether G k is positive definite or not.
The convergence properties of the BFGS method for convex minimization have been well studied, for instance see [3, 4, 21] . Dai constructed an example with six cycling points and showed by it that the BFGS method with the Wolfe line search may fail for nonconvex functions [5] . Later, Mascarenhas presented a three-dimensional counter-example such that the BFGS method does not converge even with exact line search [17] . We note that many of studies have been focused on convex objective functions. To improve the global convergence property of the BFGS method, many modifications have been proposed, for instances Li and Fukushima made some modifications on the standard BFGS method and introduced a modified BFGS algorithm (MBFGS) [13, 14] . Under appropriate conditions, the globally and superlinearly convergence of their method have been proved for nonconvex optimization problems. Their modifications were so useful that have motivated many researchers to make further improvements on the BFGS method. For example, Xiao et al. introduced a new algorithm by using the MBFGS update formula suggested by Li and Fukushima along with a nonmonotone line search proposed in [23] . They proved that the method is globally convergent for nonconvex optimization problems.
As mentioned, another factor making a good iterative process is an appropriate line search which produces a sufficient reduction in function value. There are many conditions namely, Armijo, Wolfe or Goldstein condition. Among these conditions, Armijo rule is the most popular condition to accept a steplength stating as follows:
in which σ ∈ (0, 1) and α k is the largest member in {1, ρ, ρ 2 , · · · } satisfying (3) such that ρ ∈ (0, 1). In the mentioned formula f k denotes f (x k ) and it is clear that f k+1 < f k for every descent directions, so this schema is called a monotone line search.
The first nonmonotone line search technique was proposed by Grippo et al. for Newton's method by relaxing Armijo condition [10] . It was defined as follows:
where 0 ≤ m(k) ≤ min{m(k − 1) + 1, N} that N is a nonnegative integer constant. In fact, in nonmonotone line search procedures some growth in the function value is permitted. As pointed out by many researchers, for example [6, 10, 11, 18, 22, 25] , nonmonotone schemas not only can enhance the likelihood of finding a global optimum but also can improve speed of convergence in cases where a monotone schema is forced to creep along the bottom of a narrow curved valley. Although the nonmonotone techniques based on (4) have some advantages and work well in many cases, they include some drawbacks, see [6, 25] . One of the efficient nonmonotone line search methods to overcome these drawbacks has been proposed by Zhang and Hager in [25] . It has the same general schema as Grippo et al. while the statement "max" is replaced with a weighted average of function values over successive iterations. In detail, their nonmonotone line search is described as follows:
where
with η k−1 ∈ [η min , η max ] which η min and η max are two constants such that 0 ≤ η min ≤ η max < 1. Numerical results have been showed that the nonmonotone line search (5) is more efficient than the line search of Grippo et al. [25] . The nonmonotone BFGS method was first studied by Liu, et al. in [15] . Subsequently, two other nonmonotone BFGS methods were proposed for solving problem (1) in [12, 16] . Note that convergence analysis in all these algorithms was proved under convex assumption on the objective function. In this paper, a nonmonotone MBFGS algorithm is introduced and the global convergence of the method is proved without convexity assumption. Actually, the algorithm combines the MBFGS method, proposed by Xiao et al. in [23] , with nonmonotone line search (5) and also gains advantages of [2] and [24] . Numerical experiments indicate that the new algorithm is promising and efficient.
This paper is organized as follows. The new algorithm is described in section 2. The convergence properties of the algorithm is proved in Section 3. Section 4 is dedicated to the numerical experiments. Finally, some conclusions are delivered in the last section.
The Nonmonotone Modified BFGS Algorithm
Although the BFGS algorithm is one of the most successful algorithms for unconstrained nonlinear optimization, it is well known that this method has two important disadvantages. First, the BFGS directions may not be descent especially when the condition s T k y k > 0 isn't satisfied and so can not guarantee positive definiteness of the matrix B k . Second, Although global and superlinear convergence results have been established for convex problems, it has been proved that, for general problems, the BFGS algorithm may not be convergent for nonconvex objective functions.
In this section, a nonmonotone MBFGS algorithm for nonconvex objective functions is presented guaranteeing the positive definiteness of the matrix B k . The new method is introduced after describing some motivations.
As mentioned in the previous section, Li and Fukushima, in [13] , introduced the modified secant equation
and
where C and µ are two positive constants. Based on (7), they reformed the BFGS update formula as follows:
and introduced an efficient algorithm that is called MBFGS. It is easily seen that
for all k ∈ N. This property is independent on the convexity of f as well as the used line search and guarantees positive definiteness of the matrix B k , see [23] . Following that, Xiao et al. combined the MBFGS algorithm with the nonmonotone line search (4) and constructed another MBFGS algorithm, [23] . They proved that this MBFGS methods possess a global convergence property even without convexity assumption on the objective function. Under other circumstances, Yuan, in [24] , proposed another modified BFGS algorithm for unconstrained optimization in which B k is updated by the relation
The algorithm preserves the global and local superlinear convergence properties for convex objective functions, too. Now, a new algorithm is going to be proposed in which an update formula for the BFGS method using y * k in equation (8) is presented then similar to (11), a parameter τ > 0 is embeded into the update formula for computing B k as follows:
The mentioned B k satisfies the following modified secant condition
Remark 2.1. Obviously, if τ = 1, (14) reduces to the modified secant condition (7). Furthermore, a suitable choice for τ ist k in (12).
Remark 2.2.
Since τ > 0 and the inequality (10) holds, it is concluded that B k+1 generated by (13) is a positive definite matrix when B k is a positive definite matrix.
We now outline the new nonmonotone MBFGS algorithm as follows:
Algorithm N-MBFGS: (Nonmonotone Modified BFGS algorithm) Input:. An initial point x 0 ∈ R n , a symmetric positive definite matrix B 0 ∈ R n×n , constants σ, ρ ∈ (0, 1) and the positive constants C, µ and .
Step 0. Set Q 0 = 1, C 0 = f 0 and k = 0.
Step
Step 3. Set α k = ρ j k where j k is the smallest non-negative integer such that α k satisfies (5).
Step 5. Select an appropriate τ. Update B k by (13) in which y * k is obtained by (8) .
Step 6. Set k = k + 1 and go to Step 1.
Convergence Analysis
In this section, we discuss the global convergence properties of the new algorithm for general nonlinear objective function. We need to make the following assumptions on the objective function f .
and its gradient is Lipschitz continuous on L 0 , namely, there exists a constant L > 0 such that
where ||.|| denotes the Euclidean norm.
Lemma 3.1. Suppose Assumption H1 is satisfied and the sequence {x k } is generated by Algorithm N-MBFGS, then f k ≤ C k , for each k ∈ N ∪ {0}. Also the nonmonotone line search (5) is well-defined.
Proof. Because f (x) is a continuous function, by considering Assumption H1, it is deduced that f (x) is bounded. Then the proof is followed Similar to Lemma 1.1 in [25] . Lemma 3.2. Suppose the sequence {x k } is generated by Algorithm N-MBFGS, then {C k } is a nonincreasing sequence and for all k
Proof. Since B k is a positive definite matrix, we obtain
So, according to Theorem 3.1 in [25] , {C k } is a non-increasing sequence and
This implies that {x k } generated by Algorithm N-MBFGS is contained in the level set L(x 0 ). Lemma 3.3. Let Assumptions H1 and H2 are satisfied and the sequence {x k } is generated by Algorithm N-MBFGS. If k ≥ ζ holds for all k ∈ N with a constant ζ > 0, then there exist positive constants β 1 , β 2 and β 3 such that, for all k ∈ N, the inequalities
hold for at least a half of the indices i ∈ {1, 2, ..., k}.
Proof. We first show that there exist two positive constants m and M such that
To do this, from (10) and assumption k ≥ ζ, we have
so
where m :=Cζ µ is a positive constant. Besides, it follows from (8), (9) and Cauchy-Schwartz inequality that
Considering the relation (15) and Assumptions H1 and H2, there exists a constantM > 0 such that k ≤M. Therefore, it can be seen that
where L is Lipschitz constant in Assumption H2 and c = L +CD µ + L. The relation (19) along with (20) , for all k ∈ N, result
Cζ µ . The rest of the proof follows from (17), (18) and Theorem 2.1 in [3] .
Lemma 3.4. Let Assumptions H1 and H2 are satisfied and the sequence {x k } is generated by Algorithm N-MBFGS. If k ≥ ζ holds for all k ∈ N with some constant ζ > 0, then there is a positive constant α such that α k > α for all k belonging to J = {k ∈ N| (16) holds}.
Proof. It is sufficient that the case α k 1 is considered. The line search rule (5) implies thatά k ≡ α k /ρ does not satisfy inequality (5), i.e.
Using the mean-value theorem, it is obtained
where θ ∈ (0, 1). Now, According to the Cauchy-Schwartz inequality, Assumption H2, (16) and (21), it follows that
Lemma 3.5. Suppose that Assumption H1 is satisfied and the sequence {x k } is generated by Algorithm N-MBFGS, then
Proof. Using (5) and (6), it can be concluded that
where the last equality is ensued from Q k+1 = η k Q k + 1. This means that
On the other hand, it was proved in [25] that
Inequalities (23) and (24) imply
This inequality along with Lemma 3.1 indicate
where the last inequality comes from Assumption H1 and this fact that f (x) is a continuous function. So (22) holds and the proof is completed. Now, the main result of this section, the global convergence of the new algorithm, can be described.
Theorem 3.6. Suppose Assumptions H1 and H2 are satisfied and the sequence {x k } is generated by Algorithm N-MBFGS, then
Proof. CONTRADICTION. Assume that lim inf k→∞ k 0, so there exists a constant ζ > 0 such that
k ≥ ζ and considering the definition of J in Lemma 3.4, lead us to
in which the last inequality comes from Lemma 3.4. This implies
Since the set J is infinite, it is concluded that
This immediately contradicts the fact
, that is an obvious result of (16).
Numerical Experiments
In this section, the numerical experiments of the new MBFGS algorithm (N-MBFGS) are compared with the standard BFGS algorithm along with Armijo line search (BFGS) and the MBFGS algorithm proposed by Xiao et al., (MBFGS-XG) [23] . To have an appropriate comparison, we introduce another algorithm in which the nonmonotone line search proposed by Zhang and Hager is replaced by Xiao's nonmonotone line search and named it MBFGS-XZH.
The experiments are written in MATLAB R2009a programming environment with double precision format. We tested all the algorithms on a set of 83 problems that were taken of Andrei [1] and Moré, et al. [19] . For a better comparison, the same stopping criterion and the same parameters were used in all the algorithms . The stopping criterion is
and as far as our experiences show, the parameters σ = 0.38, ρ = 0.46, η k = 0.2 and τ k = 0.1 have the best results for all the algorithms. In addition, similar to [23] , N = 5, µ = 4 andC = 10 −2 if k ≤ 10 −2 andC = 0 otherwise, are chosen. Tables 1 and 2 demonstrate the numerical results of the algorithms in which 'Prob. name' and 'Dim' present the name and the dimension of the test problems, respectively. Furthermore, the symbols N i and N f in Table 1 stand for the number of iterations and the number of function evaluations, respectively. Also, Table 2 presents the required CPU time of the algorithms. Clearly, in the considered algorithms, the number of iterates and the number of gradient evaluations are equal. Therefore, the number of gradient evaluations is not included in the tables. Furthermore, the symbol "NaN" in the tables means that the direction d k could not be computed by The performance profile can be considered as a tool for evaluating and comparing the performances of iterative algorithms, where the profile of each code is measured based on the ratio of its computational outcome versus the computational outcome of the best presented code. It is known that a plot of the performance profile reveals all of the major performance characteristics which is a common tool to graphically compare the effectiveness as well as the robustness of the algorithms. One of the properties of this profile is the first point to the left side of the graphs that indicates the percentage of test problems for which a method is the fastest. The other property is the highest point in the right side of the graphs that shows the success rate of algorithms in solving problems . We also can see, an algorithm growing up more faster than other considered algorithms, it means in the cases that an algorithm is not the best algorithm which performance index is close to performance index of the best algorithm, please see [8] for more details. Figures 1-3 obviously exhibit that N-MBFGS algorithm has a better performance than the MBFGS-XG algorithm proposed by Xiao et.al and it is competitive with the other algorithms.
Also, it is shown in Figure 1 that N-MBFGS algorithm has more than 48% of the minimum number of iterations to solve the problems when BFGS algorithm is about 44% and MBFGS-XG and MBFGS-XZH algorithms are only 19% and 25%, respectively. Secondly, the proposed algorithm solves problems more successfully than the others.
Although Figure 2 shows BFGS and MBFGS-XZH algorithms grow up faster than N-MBFGS algorithm, that means when these algorithms are not the best one their function evaluations are close to the best algorithm, it demonstrates that N-MBFGS algorithm has the best algorithm respecting to the minimum number of evaluation N f , about 39% of the mentioned problems more than the others.
Obviously, N-MBFGS in Figure 3 has the best results regarding to the most wins when the performance measure is CPU time, approximately 42%. It means that N-MBFGS algorithm can solve 42% of the problems in the least time in comparison with the other. Also, considering the ability of completing the run successfully, it can be seen that N-MBFGS has better results in comparison with the others, however it is still in competition with BFGS and MBFGS-XZH.
Altogether, it is deduced that two algorithms we have presented, N-MBFGS and MBFGS-XZH, works as well as BFGS algorithm and it performs much better than MBFGS-XG algorithm.
Conclusions
In this paper, by proposing a modified BFGS update to approximate Hessian matrix and combining it with a known nonmonotone line search strategy, we have introduced a new nonmonotone BFGS algorithm for nonconvex unconstrained optimization problems. It is well-known that the nonmonotone schemas not only can improve the likelihood of finding a global optimum but also can enhance speed of convergence especially in presence of a narrow curved valley, so we are interested to getting benefit from their properties in our algorithm. Finally, the globally convergence of the algorithm is proved for nonconvex unconstrained problems and numerical results are presented to show that the proposed algorithm is competitive with the standard BFGS method and is more efficient than the nonmonotone BFGS algorithm proposed by Xiao et al. in [23] .
